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Superselection rule for the cosmological constant in three-dimensional spacetime
Claudio Bunster∗ and Alfredo Pérez†
Centro de Estudios Científicos (CECs), Av. Arturo Prat 514, Valdivia, Chile
Efforts to understand the origin of the cosmological constant Λ and its observed value have led to
consider it as a dynamical field rather than as a universal constant. Then the possibility arises that
the universe, or regions of it, might be in a superposition of quantum states with different values
of Λ, so that its actual value would not be definite. There appears to be no argument to rule out
this possibility for a generic spacetime dimension D. However, as proved herein, for D = 3 there
exists a superselection rule that forbids such superpositions. The proof is based on the asymptotic
symmetry algebra.
I. INTRODUCTION
Superselection rules [1] lay at the very foundation of
quantum mechanics. One says that the hermitian opera-
tor Qˆ obeys a superselection rule if the Hilbert space H
of the system is a direct sum of subspaces Hj belonging
to different eigenvalues of Qˆ,
H =
⊕
j
Hj .
The Hj are called coherent subspaces or superselection
sectors. In each of them the superposition principle is
valid, but a linear combination,
αψ1 + βψ2,
of states ψ1 and ψ2 from two distinct coherent subspaces
is not physically realizable, except as a mixture with the
density matrix,
|α|2 ψ1 ⊗ ψ†1 + |β|2 ψ2 ⊗ ψ†2.
An alternative equivalent description is that the relative
phase β and α in αψ1 + βψ2 is not observable.
If Qˆ obeys a superselection rule, then not every hermi-
tian operator is observable, but only those with commute
with Qˆ. This is because an eigenvector of an operator not
commuting with Qˆ would be a superposition of different
eigenvectors of Qˆ.
Since the introduction of the concept in [1], superse-
lection rules, such as the one for electric charge, have not
been devoid of controversy (see for example [2]). Cases
in which a superselection rule can be distinctly proven
are somewhat scarce and precious. The proof is then
often based on a symmetry principle, such as it is the
case for the fermion-boson superselection rule and for
the Bargmann superselection rule for the mass in non-
relativistic quantum mechanics, which will be recalled
below.
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Spacetime symmetry-albeit asymptotic- will also be at
the heart of the superselection rule for the cosmologi-
cal constant in three-dimensional spacetime, which is the
main new result reported in this paper.
The plan of the paper is the following: Section II recalls
in some detail the superselection rule for the mass in non-
relativistic quantum mechanics. This is done because the
parallel between the concepts occurring in that simple
case, and those appearing in the more involved situation
of the cosmological constant, is an extremely close one.
Section III is then devoted to the superselection for the
cosmological constant, the proof of which is based on
the asymptotic symmetry algebra of three-dimensional
gravity with the cosmological constant Λ treated as a
dynamical variable. This algebra turns out to be the
same as the one found in [3] for a fixed non-dynamical Λ.
The analysis of the asymptotic algebra when Λ is dy-
namical is not devoid of subtleties, which are of the same
nature of those previously found in four-dimensional
spacetime [4]. In order not to interrupt the thread of
the discussion of the superselection rule those subtleties
are dealt with in the Appendix.
II. SUPERSELECTION RULE FOR THE MASS
IN NON-RELATIVISTIC QUANTUM
MECHANICS
A. Galilei Lie algebra
The superselection rule for the mass in non-relativistic
quantum mechanics appears as a consequence of the
transformation properties of the states under the Galilei
algebra.
The Galilei group is characterized by the following set
of transformations acting on space and time,
x′i = Rijxj + vit+ ai, (1)
t′ = t+ b, (2)
where Rij = Rji characterize the spatial rotations, vi the
Galilei boosts and ai and b translations in the space and
the time respectively. From eqs. (1) and (2) one obtains
directly the Lie algebra of the Galilei group when it acts
2Table I: Superselection rules for the mass in non-relativistic quantum mechanics and for the cosmological constant in three-
dimensional spacetime compared and contrasted
Non-relativistic quantum mechanics Three-dimensional gravity
Spacetime symmetry algebra Galilei algebra Two Witt algebras
Centrally extended algebra Bargmann algebra Two Virasoro algebras
Central charge m 3ℓ/2G
Superselected quantity m Λ = −1/ℓ2
on points xi, t of spacetime,
[Ji, Jj ] = ǫijkJk , [Ji, Pj ] = ǫijkPk , [Ji,Kj ] = ǫijkKk,
[Ki, H ] = Pi , [Pi, Pj ] = 0 , [Ki,Kj] = 0, (3)
[Ji, H ] = 0 , [Pi, H ] = 0 , [Ki, Pj ] = 0.
Here H, ~P , ~J and ~K are the generators of time trans-
lations, space translations, rotations and boosts respec-
tively. The above algebra possesses no central charge.
B. Canonical realization of the Galilei group
algebra for a free particle
If ~x and ~p respectively denote the position and its con-
jugate momentum, the generators are realized as,
H =
~p2
2m
, ~P = ~p, ~J = ~x× ~p, ~K = m~x.
In terms of Poisson brackets, these generators obey,
{Ji, Jj} = ǫijkJk, {Ji, Pj} = ǫijkPk, {Ji,Kj} = ǫijkKk,
{Ki, H} = Pi , {Pi, Pj} = 0 , {Ki,Kj} = 0, (4)
{Ji, H} = 0 , {Pi, H} = 0 , {Ki, Pj} = mδij .
We see that the canonical realization of the algebra ac-
quires a central charge.
C. Quantum mechanics and superselection rule
In passing to quantum mechanics one retains the al-
gebra (4) in terms of operators by replacing the Poisson
brackets by the commutator divided by i~. Additionally
one promotes the central charge to be a hermitian op-
erator mˆ which becomes a new generator in a “centrally
extended” algebra [18]. This yields the Bargmann alge-
bra [6],
[
Jˆi, Jˆj
]
= i~ǫijkJˆk,
[
Jˆi, Pˆj
]
= i~ǫijkPˆk,
[
Jˆi, Kˆj
]
= i~ǫijkKˆk,
[
Kˆi, Hˆ
]
= i~Pˆi,
[
Pˆi, Pˆj
]
= 0,
[
Kˆi, Kˆj
]
= 0,
[
Jˆi, Hˆ
]
= 0,
[
Pˆi, Hˆ
]
= 0,
[
Kˆi, Pˆj
]
= i~mˆδij ,
[
mˆ, Jˆi
]
= 0,
[
mˆ, Pˆi
]
= 0,
[
mˆ, Kˆi
]
= 0,
[
mˆ, Hˆ
]
= 0.
The action of the Bargmann algebra on the quantum
states has important physical consequence. It implies a
superselection rule for the mass in non-relativistic quan-
tum mechanics.
The key point is the following. One assumes that the
observations are realized in spacetime. Therefore one
postulates that a sequence of operations that has no effect
on spacetime should have no physical effect, and hence
should at most alter all quantum mechanical states by
a common phase. Now, when the mass is allowed to
be a dynamical variable, the action of the Galilei trans-
formations on quantum mechanical states does not obey
the Galilei algebra, it obeys the Bargmann algebra. Due
to the central extension, a sequence of transformations
which is the identity in the spacetime may alter the rela-
tive phase of different state vectors. This is the origin of
the superselection rule.
Thus one considers a sequence of transformations with
infinitesimal parameters ~v,~a,−~v,−~a. The action of this
sequence on spacetime is the identity, so it should alter
a permissible state vector ψ by,
δψ = iθψ. (5)
However, it follows from the Bargmann algebra that,
δψ =
1
~2
[
~v · ~ˆK,~a · ~ˆP
]
ψ = i (~v · ~a) mˆ
~
ψ,
Now, if one has,
ψ = ψ1 + ψ2, (6)
where ψ1 and ψ2 are two different eigenstates of the mass
operator one obtains,
δψ =
i
~
~v · ~a (m1ψ1 +m2ψ2) ,
which is not of the form (5). Therefore the superposition
(6) is not allowed in the Hilbert space and the superse-
lection rule is established.
3III. SUPERSELECTION RULE FOR THE
COSMOLOGICAL CONSTANT
A. Quantum mechanics and superselection rule
For gravity with a negative cosmological constant in
three spacetime dimensions, the role of the Galilei algebra
for the non-relativistic particle is played by its global
symmetry algebra. This algebra is the asymptotic form
at large distances of the algebra of deformations [7] of a
two-dimensional spacelike hypersurface embedded in the
three-dimensional spacetime. It is of infinite dimension
[3] and it consists of two copies of the Witt algebra:[
L±m, L
±
n
]
= (m− n)L±m+n.
These equations are the analog of (3).
When the symmetry is canonically realized in terms
of Poisson brackets, the algebra is centrally extended [3]
and each copy of the Witt algebra becomes the Virasoro
algebra,
i
{
L±m, L
±
n
}
= (m− n)L±m+n +
c
12
(
m3 −m) δm+n,0.
(7)
The central charge c in (7) is expressed in term of Anti-de
Sitter radius of curvature ℓ and the gravitational constant
G by,
c = 3ℓ/2G. (8)
The radius ℓ is related to the cosmological constant by,
Λ = − 1
ℓ2
.
To establish the desired superselection rule, one pro-
motes the central charge to an operator cˆ and retains the
algebra (7) in terms of operators, replacing the Poisson
brackets by the commutator divided by i~.
[
Lˆ±m, Lˆ
±
n
]
= ~ (m− n) Lˆ±m+n +
~cˆ
12
(
m3 −m) δm+n,0,[
Lˆ±m, cˆ
]
= 0, (9)
[cˆ, cˆ] = 0.
Next, just as for the particle case, one looks for a sequence
of infinitesimal symmetry operations which will be the
identity when the central charge is turned-off, i.e., when
acting on spacetime, but which will give a non-trivial
result when the central charge is turned on.
It will be sufficient to consider one copy of the Virasoro
algebra, and within it, the operators Lˆn, Lˆ−n = Lˆ†n for
any fixed n ≥ 2, and Lˆ0. We may write,
Lˆn = Kˆn + iPˆn,
where Kˆn and Pˆn are hermitian. It is then clear from (9)
that the central charge appears only in the commutator
of Kˆn with Pˆn, which obeys,[
Kˆn, Pˆn
]
− i~nLˆ0 = i~cˆ
24
n
(
n2 − 1) . (10)
When the central charge is turned-off (Witt algebra), the
left-hand side vanishes, which means that the Lie algebra
element has no effect when acting on spacetime, and one
should demand that it does not alter the physical state.
If one compares this statement with the corresponding
one for the non-relativistic particle, one sees that the
operation involved is the composition of five elementary
operations rather than four. If one calls vn, an and b the
infinitesimal parameters corresponding to Kˆn, Pˆn and Lˆ0,
the sequence is given by vn, an,−vn,−an, b = −nvnan.
It follows from (10) that the effect of the resulting trans-
formation is given by,
δψ =
in
(
n2 − 1)
24~
(vnan) cˆψ.
Now, if one has,
ψ = ψ1 + ψ2,
where ψ1 and ψ2 are two different eigenstates of the cen-
tral charge operator one obtains,
δψ =
in
(
n2 − 1)
24~
vnan (c1ψ1 + c2ψ2) 6= iθψ,
which proves the superselection rule [19].
B. Superselection rule is for a dynamical
cosmological constant with a fixed universal
gravitational constant
In the case of the non-relativistic particle one had a
finite number of degrees of freedom and a finite num-
ber of symmetry generators in the Galilei algebra. Since
after all the superselection rule is quantum mechanical,
one might as well have skipped the classical mechanics
altogether. It would have been sufficient to simply de-
cree that the mass m was an additional hermitian oper-
ator, commuting with all the original degrees of freedom
and therefore with all the original symmetry generators.
We included the Poisson bracket algebra to emphasize
the close analogy with the three-dimensional gravity case
(which shows en passant that “classical central charges”,
i.e. central charges arising in the canonical realization
of spacetime symmetries, have been around for quite a
while [20]).
However in the case of three-dimensional gravity the
situation is not that simple for two reasons: (i) one is
dealing with a local field theory and therefore it is un-
natural to add by hand an overall single degree of freedom
(the central charge), (ii) the symmetry is an asymptotic
symmetry, whose definition and implementation criti-
cally depends on the boundary condition at large dis-
tances and on what is allowed to vary there.
Therefore it is necessary in this case to have an im-
proved classical formalism in which what will become the
central charge in the asymptotic symmetry algebra is a
4dynamical variable to start with. In other words, the step
described as optional for the particle in footnote [18] is
now mandatory.
A simple mechanism exists in which the cosmological
constant is treated as a dynamical field rather than as a
universal constant [12] (see also [13]). The field then be-
comes independent of the point in spacetime by virtue of
the equations of motion. To the knowledge of the present
authors no analogous simple mechanism is available to
achieve a similar goal for the gravitational constant. For
this reason we will consider the superselection rule just
proved for,
c =
3ℓ
2G
,
as a superselection rule for,
Λ = − 1
ℓ2
,
and fixed G.
The implementation of the mechanism will proceed
along lines similar to the analysis performed for four
spacetime dimensions with Λ < 0 in [16]. In that case,
the finite dimensional so(3, 2) algebra acquires an addi-
tional generator corresponding to the zero mode of the
field Λ, which commutes with so(3, 2), but no central
charge appears.
To make Λ dynamical one introduces a two-form
abelian gauge potential A so that the action reads,
I =
1
16πG
ˆ
d3x
√−g (R− 2Λ0)
− 1
12
ˆ
d3x
√−gFµνλFµνλ, (11)
where F = dA is the gauge invariant field strength of the
2-form.
The general solution of the field equation associated to
the abelian gauge field can be written as,
Fµνλ
∣∣
on-shell
= (−g)−1/2Eǫµνλ, (12)
where E is an integration constant. Inserting (12) into
the equation for the gravitational field yields the Einstein
equations,
Gµν + Λgµν = 0,
with,
Λ = Λ0 + 4πGE
2. (13)
The Anti-de Sitter case which is of interest in the present
work, is obtained by demanding that the “bare” cosmo-
logical constant Λ0 be negative, and such that the bound,
Λ0 + 4πGE
2 < 0,
on E holds. One introduces Λ0 in order to have a physical
Lagrangian with positive energy density for the dynami-
cal p-form gauge field.
The next step is to pass to the Hamiltonian form of the
action (11) and to give boundary conditions at spacelike
infinity for both the gravitational variables and the two-
form gauge field which lead to well defined surface inte-
grals as symmetry generators [14]. Since the cosmologi-
cal constant has become a dynamical variable the central
charge will automatically arise as a symmetry generator.
As shown in the Appendix, after this is done, explicit
forms for the Witt algebra generators Ln as surface in-
tegrals emerge and the Poisson bracket algebra (7) is es-
tablished.
To conclude, a crucial step in the above derivation
should be emphasized and commented upon: it has been
assumed that, upon passing to quantum mechanics, the
algebra (7) becomes (9), i.e., that its form remains un-
changed. We do not know how to prove this assumption,
but there is one remarkable fact that could be interpreted
as supporting its validity. It is the observation [15] that,
if taken literally, way beyond the scope of its derivation,
the algebra (9) with the eigenvalue (8) reproduces the
standard formula for the black hole entropy in the semi-
classical limit [21]. Since that formula itself has also been
obtained by applying a path integral expression for the
entropy beyond the domain of validity of its derivation,
one finds himself watching the consistency of two mys-
teries. This would appear strange enough to be of signif-
icance.
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Appendix A: Asymptotic symmetry algebra with a
dynamical cosmological constant
The Hamiltonian corresponding to the action (11) in
the main text has the form,
H =
ˆ
d2x
[
N⊥H⊥ +N iHi +AtiGi
]
+Q
[
N⊥, N i, Ati
]
,
with,
H⊥ = 16πG√
γ
[
πijπij − π2
]− 1
16πG
√
γ(2) (R− 2Λ0)
+
1√
γ
PijP
ij ,
Hi = −2∇jπ ji ,
Gi = 2∂jP ij .
5Here γij is the metric of the spatial section, πij its con-
jugate momentum, and P ij the conjugate momentum
to the spatial 2-form gauge potential Aij . The func-
tions H⊥,Hi,Gi are the constraint-generators of sur-
face deformations and gauge transformations of the 2-
form gauge potential respectively. The lapse N⊥, the
shift N i and the component Ati are the Lagrange mul-
tipliers that parametrize the transformation generated
by the corresponding constraints. The surface integral
Q
[
N⊥, N i, Ati
]
is the boundary term necessary to make
the Hamiltonian a well defined functional [14]. It gener-
ates the asymptotic symmetries.
The variation of the boundary term is,
δQ
[
N⊥, N i, λi
]
= δQg
[
N⊥, N i
]
+
ˆ
dφ
[
2AtφδP
ρφ
]
,
(A1)
where δQg
[
ǫ⊥, ǫi
]
is the usual boundary term of the pure
gravitational field, given by,
δQg
[
N⊥, N i
]
=
ˆ
dsl
[
1
16πG
N⊥Gijkl∇kδγij
− 1
16πG
(∇kN⊥)Gijklδγij + 2N iγkiδπkl
+
(
2Nkπjl −N lπjk) δγjk] ,
with Gijkl = 12
√
γ
(
γikγjl + γilγjk − 2γijγkl). The
boundary term (A1) becomes an “exact variation”, i.e.,
the variation symbol δ can be taken outside the integral,
once boundary conditions are imposed to that effect.
1. Asymptotic conditions
In order to construct a consistent set of asymptotic
conditions for the coupled system of the gravitational
field with the 2-form gauge potential, we will proceed
along the same lines of ref. [16]. The key new element
is that we now need to be able to vary the cosmological
radius ℓ through variation of E in (13). Therefore it is
natural to employ radial and time coordinates which are
made dimensionless through division by ℓ. This choice
proves indeed useful because it facilitates the analysis of
the surface terms arising in the variation of the Hamilto-
nian. In terms of the dimensionless t and ρ, the fall-off
conditions of ref. [3] read,
γρρ = ℓ
2
[
1
ρ2
+
fρρ (φ)
ρ4
+O
(
ρ−5
)]
,
γρφ = ℓ
2
[
fρφ (φ)
ρ3
+O
(
ρ−4
)]
, (A2)
γφφ = ℓ
2
[
ρ2 + fφφ (φ) +O
(
ρ−1
)]
,
and,
πρρ = O
(
ρ−1
)
,
πρφ =
1
ℓ2
[
pρφ (φ)
ρ2
+O
(
ρ−4
)]
, (A3)
πφφ = O
(
ρ−5
)
.
In addition, we will demand the asymptotic behavior of
the spatial component of the gauge field and its canonical
momentum to be,
Aρφ = O
(
ρ−1
)
,
P ρφ =
E
2
+O
(
ρ−5
)
. (A4)
The asymptotic behavior of the Lagrange multipliers
N⊥, N i and λj is in turn determined by requiring that
the fall-off (A2)-(A4) be preserved under the symmetry
transformations. Denoting with a prime the derivative
with respect to the angle φ, this gives,
N⊥ =
ℓ
2
ρ
(
T+ (φ)− T− (φ))+O (ρ−1) ,
Nρ = −ρ
2
(
T+
′
(φ) + T−
′
(φ)
)
+O
(
ρ−1
)
, (A5)
Nφ =
1
2
(
T+ (φ) + T− (φ)
)
+O
(
ρ−1
)
,
just as in [3], whereas for the gauge field multipliers one
finds,
Atρ = O
(
ρ−1
)
,
Atφ = − ℓ
3
4
E
[
ρ2
(
T+ (φ) − T− (φ))
−1
2
(
T+ (φ)− T− (φ)) fρρ − 12λ+O (ρ−1)
]
. (A6)
As it also happens in the four dimensional case [16],
eq. (A6) shows that the Lagrange multiplier Atφ ex-
plicitly depends on the parameters T± that determine
the asymptotic displacements in spacetime. This deli-
cate interplay has two crucial effects: (i) The form of the
ρ2 piece cancels a divergence in the charges coming from
the pure gravitational part, (ii) The form of the order ρ0
piece makes (A1) an “exact differential”, which guaran-
tees that the charges can be integrated.
2. Asymptotic symmetries and global charges.
Imposing the boundary conditions (A2)-(A4), and
(A5)-(A6) we obtain for the surface integral which gen-
erates the asymptotic symmetries,
Q
[
T+, T−, η
]
=
ˆ
dφ
{
T+ (φ)L+ (φ)− T− (φ)L− (φ)}
+ λc,
where,
L± (φ) =
ℓ
32πG
(fρρ (φ) + 2fφφ (φ))± pρφ (φ) ,
c =
3ℓ
2G
.
We see that indeed the central charge has become the
generator of a global symmetry transformation (improper
6gauge transformation in the terminology of [17]). A dis-
placement generated by Q of magnitude λ corresponds
to a global gauge transformation with,
Atφ = 3ℓ
3Eλ,
at infinity.
To determine the asymptotic symmetry algebra, one
expresses the commutator of two asymptotic symmetry
transformations in terms of their individual asymptotic
parts. If we denote collectively by ξ = (ξ+, ξ−, ξλ) the
parameter of an asymptotic symmetry transformation,
the transformation law of L± and c is given by,
δξL
± = ξ±L±
′
+ 2L±ξ±
′ − c
24π
T±
′′′
,
δξc = 0.
One then finds for the parameter ζ of the commutator
δζ = δηδξ−δξδη, of two transformations with parameters
ξ and η,
ζ± (φ) = η± (φ) ξ
′
± (φ)− ξ± (φ) η
′
± (φ) ,
ζλ = 0.
When expressed in terms of Fourier modes these equa-
tions read,
ζs± = (m− n) δsm+nξm± ηn±,
ζλ = 0,
which characterize two copies of the Witt algebra. There
is no central charge when the algebra acts on spacetime
through deformations of hypersurfaces. The central ex-
tension appears when one realizes the asymptotic symme-
tries in terms of Poisson brackets, and the Witt algebra
becomes then the Virasoro algebra.
3. Canonical realization of the asymptotic
symmetry algebra.
The realization of the asymptotic symmetry algebra in
terms of Poisson brackets is obtained from the definition,
{Q [ξ] , Q [η]} = δηQ [ξ] ,
through direct evaluation of the asymptotic part of the
variation on the right-hand side. Expanding in Fourier
modes L± (φ) = 12pi
∑
n L
±
n e
inφ one finds,
i
{
L±m, L
±
n
}
= (m− n)L±m+n +
c
12
m3δm+n,0,
i
{
L±m, c
}
= 0,
i {c, c} = 0,
as just anticipated. (Replacing L0 in the above equations
by L0 − c/24 yields equations (7) in the main text).
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